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Abstract—Heat-transfer rates are estimated for flows of dilute polymer solutions which exhibit drag
reduction. The estimation, which is limited to the range of Prandtl numbers larger than one and smaller
than fifty, is based on the semi-empirical analogy between heat and momentum transfer and on previous
measurements of the velocity distribution in such fluids which show that drag reduction is accompanied
by an increase of the laminar sublayer. The analysis indicates that the Nusselt number of the flow decreases
whenever the friction coefficient does. A relation between the Nusselt number of such flows, the Reynolds
number, the Prandtl and the friction coefficient is established and compared with experimental resuits.

NOMENCLATURE

a concentration dependent parameter,
see equation (15);
specific heat ;
diameter of pipe;
Deborah number, Db = t,u/v;
friction coefficient as defined by Darcy—
Weisbach, f = 8t,,/pui;
thermal conductivity;
von Karmdn’s constant ;
Nusselt number, see equations (34) and
(35);
concentration of polymers in ppm;
polymer number, PN = ,/(t,v)/2R;
Prandtl number;
average heat flux;
average heat flux at the wall;
radius of pipe;
dimensionless radius,

R* = R/(z,/p)/p;
Reynolds number ;
threshold Reynolds number ;
Stanton number;
temperature ;

* The work is based in part on a M.Sc. thesis of the
second author.
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T,, temperature at the wall;

T*, dimensionless temperature defined in
equation (28);

T, dimensionless bulk temperature de-
fined in equation (33);

t;,  characteristic time of polymer, see note
after equation (14);

u, velocity ;-

u,,  average velocity, or bulk velocity;

u*,  dimensionless velocity, u/,/(t,./p);

Au”*, upward shift of the logarithmic velocity
profile, see Fig. 3;

¥ distance from the wall;

y*, dimensionless distance from the wall,
vt = y/@p);

y»  the distance from the wall where equa-
tions (6) and (7) intersect ;

y1»  edge of laminar sublayer ;

y2  edge of buffer zone.

Greek symbols

€, €, eddy viscosity and diffusivity (assumed
to be equal);

i, viscosity;

v, kinematic viscosity ;

ve,  kinematic viscosity of the pure solvent;

P, specific density;

T, shear stress (including the Reynolds
shear stress);

T shear stress at the wall.
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INTRODUCTION

THE DISCOVERY that the addition of a minute
quantity of certain polymers to turbulent fluid
flow causes a reduction of the friction coefficient
has caused interest in the potential application
of such additives in various branches of engin-
eering. An important application of fluid flow is
in heat-transfer systems and it is therefore
worthwhile to examine the effect of the polymer
additives on heat-transfer characteristics of
turbulent flows. Such an investigation would
also contribute to the understanding of the
phenomenon of the drag reduction.

Several investigations of the subject have been
reported recently and semi-empirical expressions
for heat-transfer coefficients have been proposed.

In 1958 Metzner and Friend [1] have modi-
fied Reichardt’s analogy of heat transfer and
proposed a semi-empirical relation which pro-
vided a very good agreement with experimental
data for Newtonian and purely viscous non-
Newtonian fluids:

_ /12
T 12 + 18(Pr — 1)(P)F J(f/2)

It was hoped that this expression would be
applicable in elastico-viscous fluids as well,
however, Pruitt, Whitsitt and Crawford [2]
have already shown that it does not, as dem-
onstrated in Fig. 1. Pruitt et al. have empirically
found that a good correlation with data for
viscoelastic fluids is achieved by modifying
equation (1) as follows:

B f(1 — FR))2
T 12+ 118(Pr— ) Prt /[ f(1 — FR)2]
(2)

where the parameter FR is defined by the
equation

FR = [(APbase - APbase+polymer)/APbase]v (3)

St 1

St

in which AP is the pressure drop along the test
section for the base fluid and for the polymer
solution, at the same bulk velocity v. The
correlation between equation (2) and the experi-
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Fi1G. 1. Comparison of calculated Stanton numbers, using
equation (1) with measurements. (From Pruitt ez al. [2]).

mental data is demonstrated in Fig. 2. An
alternative modification was also proposed by
the same authors, according to which FR was
measured at the point of maximum drag
reduction.

The analysis of heat transfer in dilute polymer
solutions presented in this paper is similar to
that of von Karman [3]. The flow is divided
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FiG. 2. Comparison of calculating Stanton number using
equation (2) with measurements (from Pruitt et al. [2]).
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into three regions, a laminar sublayer, a buffer
zone and a turbulent core. The limits of the
three regions were determined by generalizing
von Karmdn’s model so that the velocity
distribution in the turbulent core would fit the
measurements of Elata, Lehrer and Kahanovitz
[4] in pipe flow of dilute polymer solutions. It
is obvious that such a model would fail in case
of high Prandtl number fluids, as did the
original model of von Karman. In order to
predict heat transfer in this range, a more
complicated velocity or eddy viscosity distri-
bution which should take into consideration the
turbulence in the sublayer, should be used.
Since there are no measurements of the velocity
distribution near the wall and the effect of the
polymers in this region is not known, and since
there are no data of heat transfer in polymer
solutions at very high Prandtl numbers, it was
felt that it would be justified to adopt a simple
model in order to examine the gross features of
the phenomenon.

We shall see that the model adopted predicts,
within a reasonable error, the experimental
data,in which the Prandt] number varies between
three and fifty.

In the process of reviewing the paper, another
analysis of heat transfer in drag reducing fluids
by Wells [9] was brought to the attention of the
authors. The results of Wells’ analysis are
similar to those presented in this paper.

VELOCITY DISTRIBUTION AND
FRICTION COEFFICIENT

Measurements of velocity distribution in pipe
flow of Guar-gum dissolved in water for a large
range of concentrations and different pipe sizes
were reported and analyzed by Elata et al. [4]
and by Meyer [5]. Typical measurements from
[4] are described in dimensionless form in
Fig. 3 where

y* =y /o) u® = u/\/(z,/p). (4)

The measurements indicate that the flow of
dilute polymer solutions in the fully turbulent
region of the pipe is similar to that of regular

and
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fluids without additives, in the sense that the
velocity profile is described by the same velocity
defect-law

ubt —uf = 1kIn(y*/y) )

where k' is a universal constant, approximately
equal to 0-4. The difference between the flow of
polymer solutions and the flow of regular fluids
is in the value of 4] and y;. This difference is
better demonstrated when one expresses equa-
tion (5) in the form of the law-of-the-wall, which
gives:

ut =25Iny* + 55+ Au*. (6)

The term Au* denotes the upward shift of the
logarithmic profile with respect to the universal
logarithmic profile for smooth pipe flow of
regular fluids which is described by equation (6)
with Au* = 0. Now, the laminar flow of polymer
solutions is identical to laminar flow of New-
tonian fluids and one may assume that there
exists a “laminar” sublayer close to the wall,
where

ut = y*.

v

The zone between the laminar sublayer and the
fully turbulent region is called the buffer zone.
Measurements in the buffer zone and in the
laminar sublayer in case of polymer solutions,
are not available, but the friction coefficient can

) -
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FiG. 3. Typical velocity profiles of Guar-gum solutions.
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be estimated closely by assuming that the flow
is divided into two regions: a laminar sublayer
in the region 0 < y* < y;° where equation (7)
is valid, and a turbulent region y/ < y* < R*
where equation (5) is valid. The dimensionless
distance from the wall y; is related to Au™ by
the equation:

yf =25y =Aut +55. ®)

The friction coefficient f, as defined by Darcy-
Weissbach, is given by the equation:

W S ©)

where u, = Q/nR? is the average velocity or
bulk velocity. (It should be noted that the
friction coefficient defined by Darcy—Weissbach
is four times larger than that defined by
Fanning.) Expressing u, in terms of the dimen-
sionless variables defined earlier one finds that

R+
f ut(R* — yT)ydy*. (10)

0

2
JE/f)=u = R*2

Since the discharge in the laminar and buffer
zone is relatively small one can evaluate f from
equation (10) assuming that equation (5) is
valid throughout the cross-section. In this
manner one finds that:

J®/f)=25InR* + 175 + Au* (1)

or
JB/f)=25Im(RY/y]) +yf =375 (12)
Equation (11) may also be expressed in this
form:
JB/f)=25In[Re J(f/32)] + 175 + Au"
{13)
where Re = 2u,R/v is the Reynolds number of
the flow.
Elata et al. [4] have found in their experi-

ments that the shift Au* is related to the
characteristics of the flow at the wall as follows:

Aut = 2:5CIn(1,t,/p) (14)
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where t, is a characteristic relaxation time of
the polymer molecules, u the viscosity of the
solution, and C a concentration dependent
parameter. The reader should note that the
characteristic time ¢, in this model is assumed
to be a constant for a given polymer. This
assumption has not yet been proved to be
applicable over a wide range of viscosities.
According to the measurements [4] in Guar-
gum, C increases linearly with concentration for
very dilute solutions as described by the equation

C = 00226 P, (15)

where Pc is the concentration in ppm. Deviation
from equation (15) starts at around 1000 ppm
and a maximum value was found at 3000 ppm.

The shift Au* may also be expressed in the
following form:

Au* = 2:5CIn(fDb/8) (16)

and

Au* = 2:5CIn (Re? fPN?/8) (17)

where Db = t,u?/v is the Deborah number and
PN = (t,v)*/D is a dimensionless number which
we shall term the polymer number; (PN? =
Db/Re?).

The friction coefficient may thus be expressed
in terms of the polymer properties as follows:

\/(S/f) =251In [0-356 (Re \/f)1+2c
x (PN?/8)€].  (18)

We see from equations (14) and (13) that drag
reduction occurs only when

ftli > 1, (19)

namely, when the characteristic relaxation time
of the polymer molecule is larger than the time
scale of the boundary layer, u/7,,.

The threshold Reynolds number Re,, which
denotes the beginning of drag reduction, and
the threshold Deborah number can be found
by using equations (16) and (13) with Au™ =0
which indicate that

Re,= F(PN) and Db, = F,(PN). (20)
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The functions F, and F, are described in Fig. 4.
It is obvious from this figure that PN would be
a convenient parameter whenever the threshold
velocity, for a given solution and pipe diameter,
has to be calculated.
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bulent shear stress, known as the Reynolds
stress. The term pc, T'v' represents the turbulent
heat flux. Introducing an eddy viscosity ¢ and
an eddy diffusivity ¢, for turbulent momentum

and heat transfer, equations (21) and (22) may
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FiG. 4. Dependence of threshold Reynolds and Deborah
numbers on the polymer number.

ANALYSIS OF HEAT TRANSFER
Time averaging the equations of motion and
heat by the conventional method of Reynolds,
one finds that the apparent average shear stress
t and average heat flux g in a boundary layer
are given by:

d —_
T=pg T pu't’ (21)
and
ar
q = —ka‘y-'*'pCPTU. (22)

The term — pu'v’ represents the apparent tur-

be rewritten as follows:

= plv + e)% (23)

dT
q = —(k + pc,e) d—y (24)

The ratio ¢/g, is referred to as the turbulent
Prandt]! number, Pr,. Following Reynolds, it is
assumed that the turbulent transfer of heat and
turbulent transfer of momentum are similar so
that

(25)

If the properties of the fluid are assumed to be
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constant, equations (23) and (24) may be ex-

pressed as:
T e\du™
a = (1 + ;>d—yT (26)
and
qg (1  €\dT*
q_w N (Pr + ;) dy* 27)
where
T* = (T, — T)e,t/[4u/(tu/p)].  (28)

Since the variation of the heat flux and shear
with distance from the wall has only a slight
effect on the temperature or velocity distribu-
tion, we shall adopt the assumption, originally
proposed by Prandtl and successfully applied in
predicting heat-transfer coefficients by many
other investigators, that

o1 and 2o (29)
7, a4
It follows that
e\ du* 1 e\dT*
1+ 89 (9% 3o
( +v>dy+ (Pr+v> A

Equation (30) permits us to predict the tem-
perature distribution whenever the velocity dis-
tribution is known.

In the region away from the wall, where the
molecular shear stress and heat transfer are
relatively small and may be neglected, one finds
that

TY - Tf=uy* = ujf, (31)

J

where T and u] are the dimensionless tem-
perature and velocity at some distance from
the wall y* = y7.

In the region close to the wall, where the
turbulent transfer of momentum and heat may
be neglected, integration of equation (30) gives:

T =Pru*. (32)

In the buffer zone both molecular and transport
processes are important and the temperature

distribution can be obtained only when the
distribution of u™ is specified.
The dimensionless bulk temperature T, is
defined as
R+
J‘ T+u+(R+ _ y+)dy+
T} = %
j‘ u+(R+ _ y+) dy+
0

(33)

and the Nusselt number is defined as
2Rq,,
(T, — Tk
It follows from the previous definitions that

2PrR*
U= -—-"
T,

Nu = (34)

(35)

In order to calculate the Nusselt number it is
necessary to find T, by integrating the tem-
perature distribution over the cross-section of
the tube using equation (33). This procedure is
analogous to the one of determining the friction
coefficient by integrating equation (10). In this
case too, one could estimate T, quite closely by
assuming that the logarithmic laws, equations
(5) and (31), are valid throughout the cross-
section, but it is necessary, at first, to determine
the value of T} .

Following the analysis of Prandt! and Taylor
[ 8], the flow may be divided into two regions.
In the laminar region

+ +

ut =y (36)

and thus

T =Pry*. (37)

Substituting T; = Pry; in equation (31), one
finds that the temperature within the turbulent
core is given by

T Y =u* +y/(Pr—1) (38)

Previous works on heat transfer in Newtonian
fluids have already shown that the above pro-
cedure is valid only when the Prandtl number is
close to one. Whenever the Prandt! number is
higher, one may not neglect the existence of the
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buffer zone. The higher the Prandtl number the
more sensitive integration of (30) is to the form
of assumed velocity distribution in the buffer
zone.

Diluted polymer solutions have a Prandtl
number larger than one. It is therefore necessary
to make some assumptions on the nature of the
velocity distribution in the buffer zone. Since
measurements in this region are not available,
any assumption would be speculative. More-
over, previous analyses of heat transfer in
Newtonian liquids show that substantial differ-
ences in the value of Nusselt number result from
different expressions for the velocity distribution,
all of which seem to fit the available experi-
mental data quite well. We shall therefore prefer
at this stage to describe the buffer zone by a
simple model. The proposed model, which is
illustrated in Fig. 5, is a modification of the one

I
u*=25ny +55+ a0

30
B/ au’ -
-
()/:;U})/’T/\(y; 3 ’<\,k/
U’ZO .y ! o ._v .
vty \j/ P U =25lny* +55
7 x ~—+
i) f[/ ‘ iy ey
10 ’&ff\ - :
/ : U =5n(y/5)+5
1 10 10* 10° 10°

Y
FiG. 5. Nlustration of assumed velocity profile.

used by von Kdrman [3]. Von Kéarmén divided

the flow into the following three regions:

a laminar sublayer:
0<y* <5 where u* =y* (39

a buffer zone:

5<y* <30 where u* =5Iny* — 305

(40)
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a turbulent zone:

30 <yt <R* where u" =25y

+ 55, (41)

The velocity profile is continuous throughout
the layer, however, the velocity derivative is not
continuous at the edge of the buffer zone.
Denoting the edge of the laminar sublayer by
y7, and the edge of the buffer zone by y;, the
velocity distribution in the buffer zone, y; <
y* < y5, may be expressed as:

ut =y myTHH) + (42)

The intersection of equation (40) with the
curve u* = y* is denoted by y;. According to
von Kirmin y; = 11-6, and for Newtonian
fluids the ratio of y{ /y; is therefore

yilyj =043 43)

We shall assume now, that in the case of
polymer solutions the ratio y{ /y; remains 0-43,
and further assume that the velocity distribution
in the buffer zone is described by equation {42).
Now, the velocity distribution in the turbulent
region y; < y* < R*, is described by the
logarithmic profile [equation (5)],

ut =25Iny*/y]) +uf, (44)

and the value of y; may therefore be deter-
mined by the intersection of equations (42) and
(44). It follows that the thickness of the buffer
zone is given by the expression

132y — 49

In(yz/yi) = V=58

(y; > 116).
(45)

We see that the velocity distribution in our
model depends on one parameter, y;, which is
related to Au™ and the polymer properties by
equations (8) and (14). We have already seen
that the dimensionless temperature at y;, is
given by

T{ = Pry;. (46}

The dimensionless temperature at the edge of
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the buffer zone is found from equation (30),
using equations (42) and (29) to evaluate ¢/v
and du™/dy*:

T3 =yi{Pr+In[Pry;/y7 — D+ 1]} @47

The dimensionless velocity u; at this point is
given by

uy =yi Imy; /vy +yi. (48)

Now that T; and u; are known, we may
express the temperature distribution in the tur-
bulent region by the equation

T =T +u* —uf. (49)

The dimensionless bulk temperature will now
be evaluated using equation (33). Since the
contribution of the temperature in the laminar
sublayer and the buffer zone is relatively small
we shall calculate T, by assuming that equation
(49) is valid throughout the cross-section. 1t is
found, in this manner, that

Ty =y{{In[Pry;/yf — (Pr — 1]
+(Pr—1)—1Inyj/yi}

R+
+ [ @5lny*/yf + y))*(RY — y*)dyY
0

R+

§ @5Iny*/yf + y/HRT —yT)ydy™.

[¢]

(50)

Integrating (50) and substituting in equation (35),
using the relation R* = Re . /(f/32), the fol-
lowing expression for the Nusselt number is
obtained:

Nu = PrRe JJ(f8)/{y}(In[Pr — (Pr — 1)
x yi/vs]+ Pr— 1)+ J@6/f)
+ 125[(f/8)]/16}.  (51)

Since f is usually smaller than 003, the last
term in the denominator of equation (51) may
be neglected. Rearranging terms, one finds that
the Stanton number is given by the equation:

St = Nu/PrRe = J(f/8)/{y{(In[Pr
— (Pr— D y{/yi]1+ (Pr— 1)+ J8/N)}
(52)
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THEORETICAL RESULTS

We shall examine now the effect, according
to our model, of the various parameters on the
friction and heat transfer.

The effect of the polymer concentration on
the friction and Nusselt number is demonstrated
in Fig. 6. In calculating this figure it has been
assumed that the Prandtl number, pipe diameter,
polymer properties and the solvent’s viscosity
are constants. The polymer number PN =
(vt)*/D is not constant, however, and so is the
threshold Reynolds number, due to the depend-
ence of the viscosity of the solution and the
parameter C on the concentration, which were
taken from experiments in Guar-gum.
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FiG. 6. Typical effect of concentration on friction coefficient
and Nusselt number.

The effect of the Prandtl number on the
Nusselt number of the flow is shown in Fig. 7.
We see that the Prandtl number affects the
heat transfer to the flow of dilute polymer
solutions exactly as it affects the heat transfer
to the solvent.

The dependence of the friction and heat
transfer on the polymer number PN is dem-
onstrated in Fig. 8 The other properties were
taken to be constants. This figure clearly shows
that the polymer is effective only beyond the
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threshold Reynolds number which can be de-
creased by increasing the polymer number.

A comparison between the relative friction
reduction and the relative Nusselt, or Stanton
number reduction, at the same Reynolds and
Prandtl numbers, is presented in Fig. 9 where
Stsolution/Stsolvent WhICh equals Nusolulion/Nusolvem
iS plotted vs'j:v,olution/fsolvem'

We see that in the special case Pr = 1, the
relative friction reduction is equal to the relative
heat-transfer reduction. In fact, it is easy to see
from equation (52) that for Pr = 1,

St = f/8. (53)

For higher Prandtl numbers, the reduction of
the heat-transfer coefficients is larger than the
reduction of the friction coefficients. Also when
Pr > 1 the relation between these ratios is
slightly dependent on the Reynolds number.
It should be noted that these ratios do not
describe the actual changes which take place
in a particular system when polymers are added
to the flow, since in these curves the Reynolds
and Prandtl numbers of the solution and solvent

4
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are assumed to be the same. On the other hand,
these relations are independent of the polymer
properties, concentration, or polymer number.

We have shown in equation (52) that the
Stanton or Nusselt numbers are functions
of Pr, Re, y{, y; and f The parameters y;
and y; are determined by Au* which according
to equation (13) is related to fand Re. We may
therefore conclude that a definite relation exists

Nu = Nu(Pr, Re,f), (54)

independent of the polymer properties.

Now, in obtaining the relation (54) we need
not use equations (14) and (15), which relate the
friction coefficient to the polymer properties.
That means, that equation (54) should be valid
even if the drag reduction is related to different
polymer properties provided, of course, that
our assumptions on the velocity distribution are
correct. This is a very important conclusion in
view of the fact that different theories have
been proposed to explain the mechanism of
drag reduction. Unfortunately, equation (54)
cannot be expressed in an explicit form and
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F1G. 7. Effect of the Prandtl number on the heat transfer.
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since it includes four variables it can neither
be described graphically.

In Fig. 10 we have described the relation
between St, Pr and f at Reynolds numbers of
30000 and 500000. Obviously the highest
value of f'in each case is that of the solvent.

Figure 11 demonstrates the dependence of
the Stanton number on the Reynolds number
of the flow at different Prandtl numbers, for a
given friction coefficient f = 0-01. Similar results
were obtained for different values of f, which
shows that the variation of St with Re for a
given friction coefficient is quite small. In
equation (2), which was proposed by Pruitt
et al., the Reynolds number did not appear at all,
however, another parameter, Pr, was included.
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FiG. 10. Stanton number as a function of the friction co-
efficient and Prandtl number (Re = 30000 and 500000).
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COMPARISON WITH EXPERIMENTAL
RESULTS
The resuits of the semi-empirical analysis
will be compared with experimental data re-
ported in three investigations of fully developed
turbulent heat transfer in pipe flow:

(1) A thesis by Gupta [6] which reports
measurements with ET 597, a high molecular
weight, partially hydrolyzed polymer djssolved
in water. Three concentrations were used, 100,
500 and 4500 ppm, but we shall not refer to the
experiments with 4500 ppm solution as the flow
was mostly laminar.

(2) An investigation by Pruitt et al. [2], in
which carboxymethy cellulose (CMC-7H), and
separan (AP-30) solutions in water at concen-
trations of 10, 100 and 1000 ppm were used.

(3) Measurements by the authors which are
described in the thesis of Paz [7], using Guar-
gum solution in water at concentrations of 100,
400 and 800 ppm.

Measurements with pure water, which were
reported in these investigations were also in-
cluded in the comparison with the analytical
results.

The authors have found it difficult to compare
the experimental results with the theory by
plotting the experimental data in the figures
which describe the theoretical results. The main
reason is that all the independent parameters
vary from one experimental point to another.
When the Reynolds number of the flows was
varied, the wall temperature, the bulk tempera-
ture and the viscosity varied with it, which
changed the Prandtl number and polymer
number. Moreover, the value ¢, for the various
polymers and its dependence on the temperature
are not known. The experiments with 500 ppm
ET 597 [6], however, were found to be within
a small range of Prandtl numbers (10-8-11-6),
and one could therefore compare the variation
of the Nusselt number with the Reynolds num-
ber in this case with the theoretical curve. Figure
12 shows that the measurements of the friction
and the Nusselt number are fairly well described
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by the theoretical curves with PN = 1-15 x 1073,
and C = 1-6. The effective kinematic viscosity
was estimated to be 17 x 107% m?/s which
suggests a characteristic time t, = 2:68 x 10™%s.
We did not plot in this figure the data of heat
transfer in pure water since the Prandtl number
in this case varies between 4 and 65, however,
we have included in the same curve the semi-
empirical relation Nu = 0023 Re®8 Pr®4 for
comparison with the curve for C = 0.

In Fig. 13 we have plotted the theoretical
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F1G6. 13. Comparison of calculated Stanton number using
authors’ model with measurements.

values of the Nusselt number, calculated from
the measured values of the friction coefficients,
Prandtl and Reynolds numbers using our theory,
vs. the experimental values. Part of the data is
for the water and for dilute polymer flowing in
the range where drag reduction does not occur
and which appear in the studies [2, 6, 7}. The
correlation between the theoretical and the
experimental values, except for the measure-
ments with 1000 ppm CMC which were not
included, is reasonable and almost all the
experimental data are predicted by the theory
within an error of +20 per cent. The deviation
of the data from the empirical relation of
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Pruitt et al, see Fig. 2, is of the same order,
except for the measurements with 1000 ppm
AP-30. Such a correlation should be regarded
as satisfactory due to several reasons: we have
assumed constant fluid properties. In reality the
temperature changes with the distance from the
wall and the fluid properties are not constant.
Now, the temperature differences in the three
experimental studies were not very high, but
since the fluid properties which appear in the
dimensionless numbers were determined in each
study in a slightly different manner, additional
scatter has probably resulted.

The viscosity of the solution is slightly shear
dependant, and it was therefore estimated from
the rheograms according to the value of the
shear at the wall. Scatter, and possible error,
might have also been caused by the assumption
used in the three investigations, that the thermal
conductivity of the solution is equal to that of
the solvent. The validity of this assumption has
already been questioned by Pruitt et al. [2].

One should recall, however, that most of the
data are in the range of 3 < Pr < 50 and that
the above analysis is limited to this range of
Prandtl numbers.

CONCLUSIONS

Friction and heat-transfer coefficients in
turbulent flows of dilute polymer solutions which
exhibit drag reduction can be correlated using
the semi-empirical analogy between momentum
and heat transfer.

The analysis shows that frictional drag reduc-
tion is always accompanied by a reduction of
the heat-transfer coefficient. The relative re-
duction of the Nusselt number, for given
Reynolds and Prandtl numbers (Pr > 1), was
found to be larger than the relative reduction
of the friction coefficient, particularly at high
Reynolds numbers.
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The assumptions concerning the velocity
distribution near the wall were found to be
satisfactory for predicting heat-transfer rates,
but there is no doubt that the present theory
should be refined as soon as measurements
near the wall are available.

The correlation between the theory and the
experimental data of heat-transfer also suggests
that the logarithmic velocity profiles used by
Elata et al. [4] and Meyer [5] are universal
for flows of dilute polymer solutions which
exhibit drag reduction.
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Résumé—Les vitesses de transport de chaleur sont estimées pour des écoulements de solutions diluées
de polymeéres qui présentent une diminution de trainée. L’estimation, qui est limitée 3 la gamme des
nombres de Prandtl supérieurs a P'unité et plus petits que 50, et basée sur ’analogie semi-empirique entre
les transports de chaleur et de quantité de mouvement et sur des mesures antérieures de la distribution
de vitesse dans de tels fluides qui montrent que la diminution de trainée est accompagnée par une aug-
mentation de la sous-couche laminaire. L’analyse indique que le nombre de Nusselt de I’écoulement
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diminue toutes les fois que le coefficient de frottement le fait. On a établi une relation entre le nombre de
Nusselt de tels écoulements, les nombres de Reynolds et de Prandtl et le coefficient de frottement et on
I’a comparée avec des résultats expérimentaux.

Zusammenfassung—Der Wirmeiibergang wurde bestimmt bei der Strémung von verdiinnten Polymer-
16sungen, die eine Verminderung des Schieppwiderstandes aufweisen.' Diese Ermittlung, die auf den
Bereich von Prandtl-Zahlen zwischen 1-50 beschrénkt war, beruhte auf einer halbempirischen Analogie
zwischen Wirme- und Impulstransport und auf friitheren Messungen der Geschwindigkeitsverteilung in
solchen Fliissigkeiten, welche eine Erniedrigung des Schleppwiderstandes zusammen mit einer Ver-
grosserung der laminaren Unterschicht aufweisen. Die Analyse zeigte, dass die Nusselt-Zahl der Strdmung
abnimmt mit dem Reibungskoeffizienten. Eine Beziehung zwischen Nusselt-Zahl, Reynolds-Zahl, Prandtl-
Zahl und Reibungskoeffizient wurde aufgestellt und mit Versuchsergebnissen verglichen.

AnsoTanua—OnpeseseHsl TEIVIOBHe MOTOKM B CJy4ae TeueHHA Pa3faBIeHHBX pacTBOPOR
N0IMMEPOB, ANA KOTOPHIX XAPAKTEPHO IOHMHGHHOE CONMPOTUBIeHMe. OueHKa, OTpaHnYeH-
HanA 06xacThio u3MeHeHun uucen Ilpanaras Pr > 1 u Pr < 50, ocHOBCHIBaeTA Ha IOJIY-
IMITMPHYECKON AHATOTMM MEHSly MEePEHOCOM Temia 3 KOJMYECTBA NBIMKEHMA M HA [Ipejbl-
AYIMX M3MePeHNAX PACHPEeNeNeHusi CKOPOCTH B TAKHMX UJKOCTAX, KOTOPHIE MOKA3HIBAIOT,
4TO yMeHblIeHHe COMPOTHBIEHHUA CONPOBOMIACTCA yYREIMUEHUEM TaMMHAPHOro mojcion. s
aHaIM3a CIefyer, uTo uucao HyccenbTa st NOTOKA yMEHBIIAETCA C yMEHblIEHHeM Kood@n-
LMeHTa TpeHMf., YCTAHOBJEHA BaBHCHMOCTh Menyly Nu [JiA TakuX NOTOKOB, Re, Pr
¥ K02DPULMEHTOM TPeHMA. OTA B3aBUCUMOCTL CPABHMBAJACh C OKCIEPHMEHTAJILHBIMH
pe3yIbTaTaMu.



